Abstract : An orthogonal family of polynomials being given, the link is done between the special form of the coe cients of their recurrence relation and a rst order linear homogeneous partial di erential equation satis ed by the associated generating function. A study of the semi-classical character of the founded families is done.
Introduction
The considered problem is to characterize the orthogonal families of polynomials (P n ) n , whose generating function G(x; t) = P n 0 P n (x)t n satis es a rst order linear homogeneous di erential equation with respect to t. The family of monic polynomials (B n ) n ; B n = n P n ; n 6 = 0 represents canonically all the (P n ) n associated to the same functional ; moreover only non degenerated cases are considered.
The families are characterized by the particular form of the coe cients n ; n of the recurrence relation of the family (B n ) n in the rst part.
In the second part, the possible generating functions are explicitely computed, and the existence of a di erential recurrence relation, i.e. the semi-classical character of the family is discussed.
This study is a contribution to the following too general problem : is it possible to know the properties of an orthogonal family, mainly the semi-classical character, from the form of the coe cients n ; n . This problem is, as it can be seen here, too general, even if only rational n ; n are considered.
Computation of the coe cients n ; n
The notation is as follows, B n being monic polynomials, and a n (x); d n (x) polynomials of any degree (E) A(x; t)G 0 t (x; t) = D(x; t)G(x; t) G(x; t) = X n 0 n B n (x)t n ; 0 = 1 A(x; t) = X n 0 a n (x)t n ; D(x; t) = 
From (E) if a 0 is zero, then d 0 = 0. Therefore the equation (E) can be simpli ed by t and a 1 ; d 1 take the places of a 0 ; d 0 . So, in the following a 0 is supposed to be a non zero polynomial.
The problem is now restricted to the case a n (x) = 0; n 3 d n (x) = 0; n 2; so the last relation is a recurrence relation of order 2. Now the problem is the following : nd all the orthogonal monic families (B n ) n such that
It is rst showed that, without loss of generality, a 0 can be taken equal to 1. In that case, the last relations prove that degree (d 0 ?(n+1)a 1 ) is exactly one and d 1 ?na 2 is a non zero constant for all n positive. Moreover, using again lemma 1.1 with deg N = 0 proves that the relations ( ) hold for every n 0. The main result is now proved Theorem 1.2 The orthogonal families (B n ) n , whose generating function G(x; t) = X n 0 n B n (x)t n satis es a di erential linear equation (E) 8 < : and it is possible to nd the n such that ( ) is satis ed, then B n satisfy the relations (E 1 ), which is equivalent to the di erential equation (E) (where A and D satisfy a n = 0; n 3; d n = 0; n 2).
As a consequence, if n ; n are taken rational, but of another form than the form (C), other types of di erential equation will be found for G. For example, n = an + b; n = (n + )(n + ) : another normalisation of B n = n p n is searched such that the recurrence relation is linear with respect to n. Similarly, n = 0 + n n + a + bn c + dn , n+1 = (n + 1)(n + + 1)(e + fn) (n + )(n + + 1)(g + hn) cannot lead to an equation of the rst order because the recurrence relation of the B n cannot be linearized with respect to n.
Study of the semi-classical character of the families
In each case, the generating function is explicitely computed, from the di erential equation (E), with the help of the initial condition G(x; 0) = 1. The semi-classical character of the family is studied in each case ( 2] 3) The function Log is not rational, therefore the sequence (B n ) n has not the semi-classical character, precisely the D-semi-classical character. But, we know it is a D classical sequence. Indeed, we have from the expression of G in (2.2) D G(x; t) = tG(x; t) or equivalently D B n+1 = (n + 1)B n ; n 0. When tends to zero, we meet again the Hermite's polynomials. After some computations, it follows the two equivalent forms of the semi-classical structure xG 0 x (x; t) = t(1 + t)G 0 t (x; t) + (1 + )tG(x; t) xB 0 n+1 = (n + 1)B n+1 + (n + 1)(n + 1 + )B n ; n 0: The fact that the generating function satis es a linear partial di erential equation with respect to t, which is homogeneous and of the rst order, caracterizes a set of families of orthogonal polynomials. It contains classical orthogonal families (I 11 Hermite, I 22 Laguerre, II 21 Gegenbauer), semi-classical orthogonal families (in an extended sense I 12 Charlier, I 21
